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Abstract 

Smooth solutions to the axially symmetric Navier-Stokes equations obey the fol¬ 
lowing maximum principle:||rMe(r, z, 0ll 1^00 < \\rueir,z,0)\\ We first prove the 
global regularity of solutions if \\rug{r, z,0)\\l°° or ||rue(r, z, is small 

compared with certain dimensionless quantity of the initial data. This result im¬ 
proves the one in Zhen Lei and Qi S. Zhang [TO]. As a corollary, we also prove the 
global regularity under the assumption that \rug{r, z,t)\ < |lnr|“^/^, V 0 < r < 

Jo € (0,1/2). 
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1 Introduction 

In the cylindrical coordinate system with {xi,X 2 ,X 3 ) = {r cos9,r sinO, z), an axially 
symmetric solution of the Navier-Stokes equations is a solution of the following form 

u{x, t) = Ur{r, z, t)er + Ug{r, z, t)ee + Uz{r, z, t)e^, p(x, t) = p{r, z, t), 


where 


Cr = 


p, O) , e, = (-^, O) , e, = (0, 0,1). 
\ r r / \ r r / 


In terms of {ur,ug,Uz,p), the axially symmetric Navier-Stokes equations are as follows 


dtUr + U ■ VUr — AUr + ^ ^ + ^rP = 0, 

dtUg U ■ 'Wug — /\ug + ^ + = 0, 

dtUz + u ■ Vuz - Auz + dzP = 0 , 


^ drirUr) + dz{rUz) = 0. 
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It is well-known that finite energy smooth solutions of the Navier-Stokes equations satisfy 
the following energy identity 


\u(t)\\l + 2 / ||V«(<.)|||,ds = Ikolll, < +<x.. 


(1.2) 


Denote F = rug. One can easily check that 


^tF + M ■ Vr - AF + -drT = 0. 


(1.3) 


A significant consequence of (1.3) is that smooth solutions of the axially symmetric 
Navier-Stokes equations satisfy the following maximum principle (see, for instance, mm) 


l|r||L°° ^ l|ro||L°°. 

We can compute the vorticity 

CJ = V X M = UrCr + + ^z^z, 


(1.4) 


where 


Denote 


then 


OJr dziu^) dr{Uz)i ^z driX^d)- 

r 


n-— 

f' ^ f' T 


dtn + u-vn- (A + -a, 1 n + 2—j = 0, 

\ r J r 

dfj + U - VJ — (A-|- ) J — {oJrdr + OJzdz) — = 0. 


(1.5) 

^ = 0 . 

We emphasis that J was introduced by Chen-Fang-Zhang in [1] , while D appeared much 
earlier and can be at least tracked back to the book of Majda-Bertozzi in [12]. Both of 
the two new variables are of great importance in our work. 

Our goal is to prove that the smallness of ||F||ioop<r|j) or UFoUloo implies the global 
regularity of the solutions. Here is our result. 

Theorem 1.1. Let rg > 0. Suppose that uo G such that Fq G L°°. Denote 
Ml = (1 -|- ||Fo||l°°)||mo||l 2 and Mq = (|| JqIIls + ||Oo||L 2 )Mf. 

Then there exists an absolute positive constant (Fq > 0 such that if 

(a) ||F||2 .cx>(^<^q) < (^l-hln(^C'omax|Mo'^'^,ro'^'^^Mi|-hi)) 


- 3/2 


then the axially symmetric Navier-Stokes equations are globally well-posed. 
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Remark 1.1. Choose tq > 0 such that and use (1-4), then we can 

obtain the following global regularity condition 

{b) IIFoIIloo < (1 + ln(C'oMg'^ +1)) 

this condition depends only on the initial value and is very useful especially when ||ro||L°° 
is very small, in this sense it improves the result in m On the other hand, if we take 
To —)■ O'*" in condition (a) we can obtain an important corollary. 

Corollary 1.1. Let Sq G (0,1/2), u be the strong solution of the axially symmetric 
Navier-Stokes eguations with initial value uq G and ||ro||L°o < cxo. If 

|r(r, z, t)|< |lnr|“^/^, V 0 < r < (5o, (1.6) 

then u is regular globally in time. 

Denote 

K{e) = exp 2e~i — 1 — 1^ , Ko{e) = exp(£“3 — i) 
for 0 < e < 1, then one can easily check that 

1 + \YiK{e) + li\nK{e)f = £“1, elK{e) > > 0, 

for some absolnte positive constant C* and 0 < £ < 1. The use of the functions K and 
Kq is due to a new important observation in Lemma 2.3. 

Throughout this paper, we assume m G C([0, T*); H"^) to be the unique strong solution 
to the Navier-Stokes equations (1.1) with initial value m(0) = Mq, and the maximal 
existence time T* > 0. We also assume u to be axially symmetric with Ur, uq, u^, T, D, J 
dehned above, and denote 


To — r(0), Do — f^(0), Jo — >.^(0), IITIIloo — ||r||x,oo(R 3 x(o,r*))- 

Due to the regularity of solutions to Navier-Stokes equations, u G (^((0, T*); JT^), and 

D, J G C'([0,T*);L2) nC'((0,T*);R2)^ 

U0 Ur 


Ur 


= 0 . 


r=0 


- eC((0,n;R3), 

TV T 

Hence, all calculations below are legal for t G (0,T*). (see [10] for more explaination) 
Now let us recall some highlights on the study of the axially symmetric Navier- 
Stokes equations. If the swirl uq = 0, global regularity result was proved independently 
by Ukhovskii and Yudovich na, and Ladyzhenskaya [7|, also m for a rehned proof. In 
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the presence of swirl, the global regularity problem is still open. Recently, tremendous 
efforts and interesting progress have been made on the regularity problem of the axi¬ 
ally symmetric Navier-Stokes equations PP [2] |3] [1] [S] [S] [ID] • There are many signihcant 
results under the sufficient conditions for regularity of axially symmetric solution of type 

O Q Q 

We G L^(0,T;LRM3)) and — G ^^(0, T; - + -<2, - < q <+oo 

r p q 2 

in p. It has been shown in P that the axially symmetric solution is smooth in x (0,T] 
when r'^ue G L^’(0, T; L''(M^)) with 


d e [0,1), (p,g) G 


1-d’ 


oo 


X 


1-d’ 


oo 


p q 


in particular, global regularity is obtained if |r| < Cr“ for some a > 0, C > 0. In [TO] 
global regularity is obtained if |r| < C*! lnr|“^ for some C* > 0. Clearly, our Corollary 
1.1 improves the one in HD]. 

Here global regularity means T* = -|-oo, and we only need to prove IT G L°°{0, T*; 

hence we can use the results in P or na to obtain global regularity. We can also use 

u u 

Lemma 2.1 in section 2 to obtain V— G L°°(0, T*; and — G L°°(0, T*; L®(R^)), 

then the results in P or P imply the global regularity. 

This paper is organized as follows, in section 2 we will give some notations and 
3 important Lemmas, in section 3 we will first follow the proof in [10] then use the 
Lemmas in section 2 to conclude the proof. 


2 Notations and Lemmas 

The Laplacian operator A and the gradient operator V in the cylindrical coordinate are 


A = + -dr + \d0 + dl, V = Crdr + —de + 

/jrt 

We will use C to denote a generic absolute positive constant whose meaning may change 
from line to line. If |/p is axially symmetric, we will denote 


^2 = / l/prdrdz, dx = rdrdz. 


The following estimate will be used very often, (see 


Lemma 2.1. 


r 


L2 




^2 

r 


L2 


<\\dM\l^- 
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Proof. By virtue of dr{rUr) + dz{ruz) = 0, we can find the stream function ijjQ such 
that 


Ur = -dzi’e, Uz = -driripe), 
r 


then we can compute 


- ( A + ^ {^ + -dr\—= dzVt. 

r r 


Using integration by parts, we have 


- [^(a + -dr] -dx = 
r \ r r 


r 


L2 


Ur , 

— (0,Z,f) 
r 


dz, 


therefore, 


hence. 


Since 


and 


r 


Ur 


L2 


<- — A + -dr] —dx 


Ur 


U. 


Ur 


— dz^dx = / dz —f^dx < 


r 


L2 


II^^IIl2, 


.Ur 


L2 


< ||f^||L2. 


115 .^^ 11^2 = 


A H—5, 


Ur 


L2 


A 


Ur 


L2 


+ 4 


1 Ur 
-dr - 


L2 


, f ^ Ur 1 Ur , , 

+ 4 / A- dr —rdrdz, 

/ rj^ ly' rjp 


A^ 

2 

^2 

2 

5 

rN 

A — 

r 

L2 

r 

L2 

r 


= 0 , 


r=0 


A —-A—rdrdz = 


ry^ ryt ry^ 


1 „ Ur 

-dr - 

r r 


L2 


1 

+ 2 


dz- 


dr — 


(0, z, t)dz > 0, 


we can obtain 
Denote 


Xlf 

r 


L2 


< ||c?^D ||^2 , this completes the proof Lemma [2.11 


□ 


v(r,z,t)= / \ue(r',z,t)\dr', for r > 0, a{t) = -(t) 

. n r 


L°° 


then we have the following inequality 

Lemma 2.2. a(t)^ < ||^(t)||i ,2 —(t) 

r 


1,2 
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Proof. For r' > 0, 2 ;' G M, t > 0 as v{r', z'^ ^) = / z', t)|dr, by Holder inequality 

Jo 

we have 


v{r\z',t)f < / rdr 


^/2 /-r' r+oo 

= tX * 7 . 

/2 rr' r+oo 


-d: 


-dr 
\ue{r,z,t)f 


■dz 


= — / dr / 2 Ju 0 {r, z,t)dz 

2 Jo Jz 

< r''^ J I J| | —I (r, 2 :, t)rdrd 2 : 

<r'2|ir«)iu» -w ■ 

r L 2 


Hence, we get 


a{tY = sup 

r'>0,z'eIR 


r(r', z', f) 

'<IVWIIl 2 

^(0 



r 


L 2 


This completes the proof. 


□ 


eK{e) 


Lemma 2.3. Assume that t > 0, ||r||ioo(r<r^) < £ < 1, and 0 < ri < — 


\ue{t)\ 


\f\Mx < £-3 / \drf\^dx + C'- 


L°° 


+ £ 3 


\u0{t)\ I/I da;<e3 / |a^/| dx + C' 


iril/oc + et 






l/Pda;, 

l/Pda;, 


( 2 . 1 ) 

( 2 . 2 ) 


for all axially symmetric scalar and vector functions f G i7h 
Proof. We first prove that if / = 0 for r > ri, then 


\ue{i)\ 


\f\^rdrdz < e » / \drf\^rdrdz. 


(2.3) 


r*ri 


In this case, /(r', z) = — drf{r^ z)dr for 0 < r' < ri, by Holder inequality we have 


rri 


rri 


\fir\z)\'^< I r\drf{r,z)\'^dr I y. 


Consequently, 


r*ri 


r^i dr 

|M 0 (r', 2 :,t)||/(r', 2 :)|Mr'< / r|( 9 ^/(r, 2 :)|^dr / \u 0 {r',z,t)\ —dr', (2.4) 
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by the definition of v we have 


ni rri 1 m 1 

Mr',z,t)\ -Ar’= v{r,z,t)-, 


(2.5) 


by the definition of a{t) we have v{r,z,t) < ra{t). On the other hand, \u 0 \ = 

for 0 < r < ri. Hence, if —< ’"i, then 

a[t) 


M < £ 


v{r,z,t) =v\-^,z,t\ + j ^ |M 0 (r',^,f)|dr' 

a{t) 

s . , re, A 1 ra(t) 

< —^a(f) + / —dr = £ 1 + In- 

o(i) J^r' V E 


The above estimates of v implies 


, , dr rait) , ( ra(t)\ dr 

v{r,z,t)—< ^^dr+ I £ ( 1 + In ■ 


'0 


r 


'0 


r 


AK{e) 


i(t) 


e r 


= e + J £(1 + Inr)— = e + lni^(£) + ^ (lni^(£))^ ) = ^ H 


( 2 . 6 ) 


here we used 0 < ri < 


eK{e) 

a{t) 


By (|2.4|) , (|2.5p , (| 2 . 6 p , we have 


J \ue{r\z,t)\\f{r\z)\^(lr'<e 3 j r\drf\dr, 

integrate in z, we obtain fl2.3p . Now we discuss general /. Take a smooth cut-off function 
of r such that {i) (p' < 0, {ii) 0 = lifO<r<-, (Hi) 0 = 0 if r > 1. Then we have 


\ue{t)\ 


Vdrd^; = / \uo{t)\ 


ri 


/ 


drd^; + / \u 0 {t)\ ( 1 - 0 ( — ) | \f\^drdz 


< e 3 


< £ 3 


dr 


-)/ 

Ti 


rdrdz- 1 - / — \f\'^drdz 


,r>I± r 


\drf\‘^rdrdz + 


C 


1 Jr>^-± 


|/|Vdrdz -I- 


4 ||r|| 


L°° 




l/prdrdz 


<6 3 \drf\‘^rdrdz + C 


L°° 


+ £ 3 




Ifl'^rdrdz, 
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here we used 


and the fact that 


dr 


-)f 

rij 


rdrdz = 


ri 




dr4> — 


+dr\f\‘^(p dr(p 


rdrdz 


ri 


l^./P + l/P 


dr(j) 


ri 


< / \drf\^ + 


C 


rdrdz — / \f\'^dr 


1 Jr>^ 


l/prdrdz. 


Similarly we have 


ri 


-)a, 0 ( - ir 
rW Vri 


drd^; 


|M 0 (t)| I/I rdrdz = / |M 0 (t)|^ 


ri 


/ 


< l|r||L<x>(r<^j) / |M0(t)| 


- / 
ri 


drdz + 


rdrdz + / |u 6 »(t)|^ ( 1 

irp 


ri 


l/l^rdrdz 




'l/prdrdz 


< ££ 3 


|c?r./|^?"drdz + 


C 


1 Jr>^ 


l/l^rdrdz + 


4||r|| 


Vdrdz 


"l 


< £3 / \drf\‘^rdrdz + C 


This completes the proof. 


+ £3 




l/prdrdz. 


□ 


3 Proof of the results 


Proof of Theorem 1.1. By applying standard energy estimate to J equation, we have 
- —II J ||^2 + f J{u-'\/)Jdx— [ J (a-\ —j </da; — f J{urdr + ujzdz)—dx = 0. 


Using V ■ M = 0, one has 


J{u ■ V)Jdx = - J\V ■ u)dx = 0. 


On the other hand, by direct calculations, one has 


J {A + -dr) Jdx= ||VJ||i 2 + / \ J{0,z,t)\^dz. 


Consequently, we have 
1 d 


Ur 


^^^\\J\\h + \\^J\\h+ / |J(0,^,t)/d^= / JiUrdr + Uzdz)ydx. (3.1) 























Similarly, by applying the energy estimate to the equation of one obtains that 


1 d 


ue 




2 dt 


(3.2) 


Notice that 


J{urdr + Uzdz)—dx = Av X (ugee)] ■ ^JV—^ dx 


= / ueee ■ (VJ x Vy) dx < + 


.Ur 


and by fl3.ll) . we have 
d 


^ll^lli^ + l|VJ||i2 + 2 / |J(0,;^,t)|^d^< 


UgV- 


UgV — 
r 


L2 


L2 


(3.3) 


-3/2 


Now we estimate the right hand side of fl3.2l) and fl3.3p . under the assumption of condition 
(b), let 

£ = A + (^0 max | + 1 j j 

then ||r||ioo(,,<^g) < £ < 1, and we can apply Lemma 2.3 with 

f eK{e) 


Ti = r it) = min 

and take f = J, in fl2.ip . we have 


I ®(^) 


-,ro>, 


-2 


Ue 


Jfldx < £3 


I“«lini2 


|r2fdx + £ 3 


\U9\ I J,2 


I Jfdx 


< / |c?rf^rdx + 


2j™ , ^(1 + l|r||L°°) 


+£ 3 / \drJ\‘^dx + 


r(t)2 

c'£-i(i + a||r|Uc 


r(t) 


|f2pdx 


lr>^ 


r{ty 




I J|^dx. 


Choosing f = dr —, dz— in fl2.2p . we have 


UgV — 
r 


L2 


2 

< £3 


Ur 


av— 


dx + 


Ce-3{l + e—4T\\l^) 
r(t)2 


/ 

v^ 

/r>LL 

r 


Denote 


by Lemma 2.1 we have 


IV[2 — 1 ' 


+ £ 3 


L°°i 


av— 


dx < 


^2 


L2 


< 115.^^11^2 


(3.4) 


(3.5) 


dx. (3.6) 
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Inserting fl3.5p . fl3.6p into fl3.2p . fl3.3p . we have 




Denote 


then 


2 

53 


2 

53 


r 


+ i^^r +1^1 


dx. (3.7) 


A{t) = \\jmi. + -\m)\\i., 


A{t) e C'[0,T*)nC'^(0,T*). 
By Lemnia2.1 and the fact that 

Mj, 'VUr Ur 

V— =- 


|Vnp = + 


Ur 


+ 


r 


we obtain 


/ f 


IV 

1 

0 

r 


+ |D|^ ] dx < 


r 


L2 


+ ||D||i.<2||D||i„ 


/ f 


/r>im V 

r 


+ |Dp + I dx < ^ 


r{tf 


iVnpdx, 


hence we have 


+ i^^n + i^i 




< ^^niin|2£i||D||2 2 + IIJII^^, [ |Vn|Mx 


/ 

[.if 



L V 

r 


dx 


< 


r(t)2 

CM 2 

r{ty 


r{ty 


min <|^74(t), 
eK{e) 


||Vn(t)|p 


L2 


r{ty 


Fix t G (0,T*), if r(t) = —< Xq, by Lemma 2.2, we have 

a{t) 

a{tY<A{t)HVumL^, 

1 a(f)2 ^ 7l(f)i||Vn(f)|U2 


< 


r{ty {eK{e))^ “ 


And fl3.8p implies 
d 


^ CM,A{t)i\\Vu{t)\\r. I .4(()i||V«(«)|| 

(iifMT (£/f(£))2 

cm 2/1(«)||v«(()||y r IIv«(i)lli. 


3 

L2 


< 


(£iL(£))2 

CM 2 A{t)l\\Vuit)\\ 


{eK{e)y 


L2 


(£iL(e))i 


(3.8) 
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otherwise, we have r{t) = tq and 


^ ^ CM4Vu{t)\\l, 

dt ^ - rt 


Combining the above two cases we have 


—y4(t) < CM 2 II VM(t)||i 2 max 

L16 


[ Ajtf. I 

\{eK{e))r r, 


Denote Fiy) = 


f+OO 


max 




4 

ys 


-1 


dy, then 


j/{A{t))>CM,\\Vu{t)\\l,, 


and we can nse the energy identity to obtain 


F(A(0)) - F{A{t)) < / CM2\\Vu{s)\\l2ds < C^M2\\uo\\l2. 


Therefore, if the condition (a)' : F(y4(0)) > CiM 2 \\uo \\‘^^2 is satished, then 
inf F{A{t)) > 0, snp A{t) < +00, snp ||D(t)||i 2 < +00, 

0<t<T* 0<t<T* 0<t<T* 

and these imply the global regnlarity. 

Now we claim that, if Cq > C*max|l, a/Ci/ 3|, then fl3.4p implies condition (a)'. 
Here Ci, C* are absolnte positive constants. Notice that 

F{A{0)) > Fornax 


= 3 max < H(0), 


{eK{e)y\-^ 


{eK{s))l, 


2 

53 


^(0)^ = I \\jmh + I < + ii^^oiu^, 

from the dehnition of M 2 , Mi, Mq and (1.4) we have 

M2<£-i(l + ||r|Uoc)2, M2\\uo\\l2<e-lMl H(0)5Mf < Mq. 
And fl3.4p implies 

Ko{e) > Comax\MQ^^,rQ^^‘^Mi \ , 


11 












hence we obtain 


Mo 


2 \l 

L2 


nm) 


< 


< 


e max | 74 ( 0 ) 2 ,£i^(£)/rQ^^| 
?,^l^{eK{e)Y 

max [MQ,eK{e)Ml/r^Q‘^^ 

3^/^e{eK{e)Y 
MoCt 


<32 max 


<32 max 


KoYY' KoieYrl^^ 
Ct 


< 3-2 





/^4 ’ /^3 
*^0^ *^0 


= 3-2 

_ 3 

= c'r% 


a 

Cn 


and F(A( 0 ))>C'iM 2 ||Mo||i 2 . 

Therefore the claim is true, this completes the proof of Theorem 1.1. 

Proof of Corollary II.IL First, we can take ro G (0, (5o) such that 

> Mo'/^ CoMir-'/' + 1 < e-Y^\ 

by ([ 131 ), we have | lnro| > ||r||i,oop<^jj), using the property of this tq we have 

—3/2 

"'^Mi I + Ij j 

-3'/2 


□ 


^1 + In ^Co max | + 

= ^1 + In ^CorQ j > (^ + = I lnro|“^/^. 


Therefore condition (a) in Theorem 1.1 is satished, and we can use Theorem 1.1 to get 
the global regularity, this completes the proof of Corollary 11.11 □ 
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